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Abstract

In this study, we consider how an environmental policy controls NPS
(non-point source) pollution when the standard environmental policies
cannot be applied since the regulator is unable to observe individual emis-
sion levels of NPS pollution. In Cournot competition, the firms determine
the optimal output and abatement technology levels to maximize their
profits, taking the environmental tax rate as given. It is analytically and
numerically demonstrated that the ambient charge tax rate can control the
total size of NPS pollution under various circumstances, such as duopoly
or oligopoly, with or without product differentiation when the firms are
homogeneous or heterogeneous.
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1 Introduction

Oligopoly models are among the most frequently discussed topics in mathe-
matical economics literature. The classical single-product model without prod-
uct differentiation has been extended in many different directions, including
product differentiation, multiproduct models, labor-managed oligopolies, and
rent-seeking models, among many others (Okuguchi, 1976; Okuguchi and Szi-
darovszky, 1999). Oligopoly models, including environmental issues, became an
essential line of research because of their practical importance and theoretical
challenges. There are several lines of research in this broad field. In the case
of point-source pollutants, the regulator knows each firm’s pollution level to
punish or reward the firm individually. However, in the case of nonpoint source
(NPS, henceforth) pollution, the regulator cannot monitor individual emissions
with low cost and sufficient accuracy. Therefore, standard instruments of envi-
ronmental policy are not possible.

The effects of different environmental regulation policies are examined by
several researchers, including Downing and White (1986), Jung et al. (1996) and
Montero (2002). Xepapadeas (2011) summarizes the different control methods.
According to Segerson (1988), who suggests monitoring the ambient concentra-
tion of NPS pollutants, the regulator first selects an environmental standard,
imposes a uniform tax on the pollutants if the concentration is above this stan-
dard, and gives uniform reward if it is below. The regulator and the firms have
two decision variables. The regulator decides about the environmental standard
and the environmental tax rate. The firms can select their abatement technolo-
gies and output volumes. One important question is determining how the envi-
ronmental standard and the tax rate affect the emission concentration. Ganguli
and Raju (2012) examined Bertrand duopolies and showed that increased am-
bient charges might increase the emission concentration, called the "perverse"
effect. Raju and Ganguli (2013) numerically showed the effectiveness of the am-
bient charge in Cournot duopolies. This result was shown analytically by Sato
(2017). The n-firm generalization of this model was investigated by Matsumoto
et al. (2017) in a dynamic framework, and the corresponding Bertrand model
was examined by Ishikawa et al. (2019), showing that the sign of the effect
depends on the number of firms, the degree of substitutability, and the hetero-
geneity of the abatement technologies of the firms. Matsumoto et al. (2018b)
considered a one-stage and a two-stage Bertrand duopoly, and a three-stage
Cournot oligopoly was introduced and examined by Matsumoto et al. (2020),
where, in the first stage, the regulator determines the tax rate of the ambient
charge to maximize social welfare, in the second stage each firm selects optimal
abatement technology. In the third stage, the firms decide on their optimal
output levels.

This paper considers a Cournot oligopoly. The regulator determines the
ambient charge rate to maximize the random welfare function by taking the en-
vironmental standard as given.! Each firm maximizes its profit as a bivariable

!We will consider determining the optimal tax rate maximizing social welfare in future



function with decision variables being the ambient technology and production
level. The profit of each firm includes the revenue, the production cost, the
ambient charge (or reward) and the technology installment cost. The equilib-
rium will be determined, and the effectiveness of the ambient charge is shown in
various circumstances, including duopoly or oligopoly with or without product
differentiation with homogeneous or heterogeneous firms.

The paper is developed as follows. Section 2 constructs the basis n-firm
model in which the firms make the optimal choices of output and abatement
technology. Section 3 first assumes that the firms are homogeneous and then
shows that the ambient charge effectively controls the NPS pollution in duopoly
and oligopoly markets. Section 4 replaces the homogeneous with heterogeneous
assumptions and considers the ambient charge effect in a duopoly with and
without product differentiation. Section 6 offers concluding remarks and out-
lines further research directions.

2 n-Firm Oligopoly Model

We recapitulate the main structure of the general oligopoly model constructed
by Matsumoto et al. (2017). The linear price (i.e., inverse demand) function of
good k is
n
pk:ak_qk_’YZQj fOI‘k:].,2,...,n, (1)
J#k
in which ¢ is the quantity of good k, pj is its price, 7 is the substitution
parameter measuring the degree of differentiation between the goods, and ay
denotes the quality of good k.2 In this study, we assume that 0 < v < 1 to
confine our analysis to the case in which the goods are substitutes. It is further
assumed that the production cost function of firm % is linear and there is no fixed
cost. ¢ > 0 denotes the marginal production cost. To avoid negative optimal
production, we impose the traditional assumption that oy — ¢ is positive. We
can call this difference the market size of firm k and denote it by 3,,. Each firm
produces output and emits pollution. It is assumed that one unit of production
emits one unit of pollution. Let ¢, denote the pollution abatement technology
of firm k (0 < ¢, < 1) with a pollution-free technology if ¢, = 0 and a fully-
discharged technology if ¢;, = 1. If firm k believes that the competitors’ outputs
will remain unchanged, then its profit is

(s b) = (ﬁk G-y qj) g —(1— )2 — 0 (Z 6,05 — R) @)
J#k JF#k

studies.
2The price functions in (1) can be derived as solutions of the utility maximization of the
following form,

n 1 n 2 n n n
U(Q):Zai‘h—§ 2062y >4 > g5 | — O pidie
i=1 i=1 =1 jAi i=1

Here, a; is a proxy for the quality of good ¢ because an increase in «; positively affects the
utility level.



where R is the ambient standard set by a regulator, 6 is the ambient tax rate
and (1 — ¢,)? is the installation cost of technology. The rate 6 is measured in
some monetary unit per emission. It is positive and can be larger than unity
(e.g., dollar/ton, euro/kg, etc).

Firm k strategically selects optimal output and abatement technology levels,
qr and ¢, to maximize its profit. Differentiating (2) with respect to gy and ¢,
presents the first-order conditions for interior maxima,

0
S = B = 205~ YQ-i — 06, = 0 3)
Ak
and 5
T
= =—0q,+2(1—-¢,)=0. 4
5. =~ +2(1-6,) @)

where Q_, = > 2k 45 18 the output of the rest of the industry. The second-order
conditions are

2 2 2 2 2 2
Ome _ g0, I~ 9oy, 87;’687;’“—< Lt ) =4-6>>0
oq? ol oq;, 093 0q1r 09y,

where the last inequality holds if § < 2. Using (4), we rewrite the first-order
conditions (3) for the optimal output as

(4—0*) g +27Q_r, =2(8), — 0) for k=1,2,...,n

or in a vector form,

Bg=A (5)
where
q= ()1 A= 206G =)y
and
B = (Bij)(, ) With Bjj =4 — 6% and By; = 2y for i # j.

Since B is invertible, solving (5) yields the Cournot outputs,
g=B'A (6)
where the diagonal and off-diagonal elements of B™! are, respectively,

4—-0+2(n—2)y and —2v
(A4—0>+2(n—1)7) (4—0>—27) (A4=0>+2(n—1)7y) (4—0*—27)

To guarantee 4 — 0% — 2y = (2 — 6%) +2(1 — v) > 0 for analytical simplicity, we
impose the following under which the denominators of the above elements are
positive, and the second-order conditions are fulfilled:

Assumption 1. § < /2



The Cournot equilibrium output of firm £ is

o_2[(4-0"+2(n-2)7) B — 298, — 0 (46 —27)]
o= (4—92+2(n—1)7)(4—92—27)

(7)

where we introduce a new notation, 5_; = Z;;ék B;. From (4) and (7), we also
obtain the optimal abatement technology of firm k,

0
(;lefich. (8)

The right-hand side of equation (8) with (7) is expressed in a form that will
facilitate later calculations,

0[276_, — (4= 60> +2(n—2)7) 8] +22+ (n—1)7) (4 — 6% — 29)
(4—0°+2(n—1)7) (4— 0> —29)

-9
Solving (8) for qg yields an simplified form,
g = <1 - ¢kc>

The Cournot output is non-negative if gbf < 1 and not greater than the upper
bound, 2/0, if gi)kc > 0.

We will search for the parametric condition under which the optimal level
of the abatement technology is positive and not greater than unity. With (9),
solving ¢ = 0 and ¢ =1 for 3_, presents

SR

4—6%42y(n—2) (24 (n—1)y) (4 — 0> — 27)

B_i = fo(By) = 2y By — ~0 (10)
wnd 4-0°+2 2 0(4—06"+27)
- - - 0" +
By =1i(By) = +2j(” g, - e

These equations are developed as an n-dimensional simultaneous system of lin-
ear equations in 3,

B_, — AP, =Bfor k=1,2,..n (12)
and
B_,—AB,=Clor k=1,2,..n (13)
where
— 0 - 2 — 1)) (4—6*—2 0(4—0%+2
A=Az nm=2) 5 C+e-Di( M) doe -0 +2)
2y ~0 2y

Solving, respectively, (12) and (13)for 3, yields the maximum and minimum
denoted as 3,, and 3,,,
_2[2+(n—1)9]

ﬁM—f and 3, = 0. (14)



Since, equations (10) and (12) are alternative forms of ¢$ = 0, and equations
(11) and (12) are alternative forms of ¢f = 1, conditions, ¢§ = 0 or ¢ =1
holds if 3, = 8, or B, = f,, for k =1,2,...,n. Since By, > 8,,, 0 < ¢ <1
holds if 3,, < B, < B),. We summarize the feasible conditions for the optimal
solutions as follows:

Theorem 1 The optimal productions and optimal abatement technologies sat-
1sfy the feasible conditions, 0 < ¢kc <1land0 < ch < 6/2, if the market sizes
are in the set,

Mn:{(ﬁlﬁﬂQV“ﬁn) ‘ fl (Bk) Sﬁ—k: SfO (Bk) a’ndﬁm Sﬁk SﬁM} fOTk:(),l,Q,...

In the case of duopoly (i.e., n = 2), the set My is the diamond-shaped
yellow region in Figure 1(A) surrounded by the solid red and dotted-red lines of
d)ic =0 and d)ic = 1 and by the solid blue and dotted-blue lines of ¢JC =0 and

d)JC = 1. Notice that the solid blue and red curves intersect at 3, = 3, = 3y,
and so do the dotted blue and red curves at 8, = 3; = 3,,. If the two firms are
homogeneous (i.e., 3; = 3;), then the feasible region is shrunk to the dotted
diagonal between 3,, and 3,,. In the case of triopoly (i.e.,, n = 3), the feasible
region M3 is described by the hexahedron with diamond-shaped faces as seen
in Figure 1(B).

(A)n=2 B)n=3

Figure 1. Feasible regions with § = 4/5 and v = 3/5

From (7) and (8), we have the following,

) _
c_-c___ 4 _
dk q 1_ 02 — 2/)/(5]@ B)
and 9
o7 — ¢ = -5 (4 —7%)



where the corresponding averages are defined as

L 1g o _ 1 - c o _1g~ ¢
= = . == C d == -
3 n;xz q n;qj and ¢ n;@

The following results concerning the optimal decisions among the firms are clear.

Theorem 2 The firm with a larger market size than the average produces more
output and adopts more efficient abatement technology than the corresponding
averages,

- . . . C -C
By E 0 implies ch z g¢ and s § o .

3 Homogeneous Firms

To examine the effects caused by a change in the ambient charge rate on the
optimal solutions of output and technology and on the total pollution, we start
with the simpler case in which the firms are homogeneous. For this purpose, we
impose the following:

Assumption 2. §, = fori=1,2,...,n.

Depending on the selected parametric values of v and n, we still have four
exclusive cases,
n=2 n>3
vy=1 Hoy Hos
vy<1 Hos Hoy

where the firms are homogeneous and

1) duopoly without product differentiation in case Ho:

3) oligopoly without product differentiation in case Hos;

(
(
(
(4) oligopoly with product differentiation in case Hoy.

)

2) duopoly with product differentiation in case Hos;
)
)

Accordingly, the remaining part of this section is divided into two subsec-
tions: in the first subsection, cases Hoo and Ho; are mainly considered, while
case Hog is focused on and case Hoy is briefly mentioned in the second one.

3.1 Duopoly Firms with Product Differentiation

We first examine case Hos in which the number of the homogeneous firms is
limited to 2 and the goods are differentiated:

Assumption 3. n=2and y < 1



A direct consequence of Assumption 2 is that their optimal decisions are
identical. In particular, (9) with n = 2 give identical optimal abetment technol-

- 0 By — B)
c M~
= —— 15
= e (15)
Here, the subscript 11 means case Hoy. From (15),
0 (8= Bm)
1—¢% = 222 _Fm/
on 4—6% 42y
where, from (14) with n = 2,
2(2 +
3 0) = 225 a0 =0

Optimal technology qb% is then substituted into (8) to have the optimal output,

e 2(1-9%) 25—,
” 0 4—6%+2y

> 0 if ¢f) < 1. (16)

Since the denominator of ¢¢; in (15) is positive, we have the following as a
Corollary of Theorem 1:

Corollary 1 Under Assumptions 1, 2 and 8, the optimal output and optimal
technology satisfy 0 < q% < 2/6 and 0 < QS?I <1 if and only if B,, < B < By

Notice that Figure 2(A) visualizes Corollary 1. The negative-sloping black
locus of 5 = (3,,(0) and the positive-sloping black locus of 8 = §3,,(0) are the
upper and lower boundaries of the yellow region.? The feasible conditions of
0 < ¢% <1and0 < ¢S <2/6 hold in the yellow region. Figure 2(B) illustrates
the effects of an increase of v from 2/5 to 4/5 on the locations of various curves,
indicating that the greater the substitutability, the greater the stability region:

(i) an enlargement effect by shifting the upper black, green and red curve
upwards;

3We will refer to the red negative- and blue positive-sloping curves inside the yellow region
of Figure 2(A) soon after.



(ii) no effect on the lower black curve that depends only on 6.

8 8
@ 4 @ 4
% vz % 05 1 vz
6 2]
(A)y=3/5 (B)y=2/5toy=4/5

Figure 2. Feasible region of (0, 8) for 0 < ¢%; < 1 and 6 = 4/5

The total amount of production pollution is the sum of the individual pol-
lution. In the homogeneous duopoly case, it is given by

Ef1(0) = 267;(0)af; (0).

Differentiating ¢%;(8)¢%;(6) with respect to 6 yields, after arranging the terms,
C2[(4+2y+36%)6” — 2012 + 67 + 6)8 + 2(2 + 1) (2 + 7 + 36%)]

(4 + 2y — 6%)3 ’

The denominator is positive. The bracketed terms of the numerator form a
quadratic polynomial in §, having a positive constant term. Its discriminant is
negative,

(17)

D/d=—(4—-6%+29)° <0.

Hence, the polynomial is positive for any 3, implying that the derivative in (17)
is negative. Therefore,

a5 _4[50d60] N
- do = (18)
The direction of inequality means that an increase of the ambient charge rate

decreases the total amount of pollution. This result is summarized as follows:

Theorem 3 In a homogeneous duopoly with product differentiation, the ambi-
ent charge rate can control the concentration of the NPS pollutions,

dE%,

a0 <0.




We consider why the ambient charge can be effective in controlling pollution.
Differentiating (15) and (16) with respect to 6 gives

Ao,  A+2y+6° {29(4+27) B } (19)
do 442y — 07 |44 27+ 6*
and
dg; 40 4429+ )
o (4+2y - 0°) 20 ‘ (20)
Accordingly, two new functions are introduced,
C20(4 4 27) 4+ 2y 467
Bo(6) = 442y +06° and (3,(0) = 20 ‘

The 8 = (,(0) curve corresponds to the positive-sloping green curve located just
above the 8 = 3,,(0) line in Figure 2(A). Equation (19) leads to the following
relations,
s >
do <
Thus in the shaded yellow region surrounded by the two curves, 5 = 3,,,(0) and
B = B,(0), the following inequality holds:
dof)

Individual firms paradoxically respond to government’s increased ambient charge
taxation by adopting less abatement technologies when the market sizes are
small.

Similarly, the 8 = 3;(6) curve corresponds to the negative-sloping red curve
located just below the 8 = 3,,(0) curve where the following relations hold:

0 according to 3 § By ().

dafy >

do <
In the shaded yellow region surrounded by these two curves, 3 = 3,,(0) and
6 = 3,(0), we have

0 according to (3 E 5,(0).

d c
ﬂ > 0.
do
The firms increase their optimal production in response to higher taxes when
their market sizes are larger. Summarizing the results, we can divide the stable

yellow region into three subregions in which

. dg§; g,
> < 3 <
(Z) d9 < O and d9 - O fOI‘ /Bfn(e) = ﬂ = 50(9);
C C
(i) ML 0 and P _  for 8,(0) < 5 < 5,(0), (21)
a0 a0
C C
(i) % > 0 and % <0 for 8,(0) < B < By (6).

10



If the ambient tax rate change has an unfavorable effect on the variables, we call
it a perverse effect. Although the regulator cannot observe the individual firm’s
reactions to a change in 6, their optimal responses are summarized as follows:

Theorem 4 The ambient tax rate has a perverse effect on the optimal technol-
ogy if B is small enough in the sense that 3,,(0) < 8 < B,(0) and on the optimal
output if B is large enough in the sense that 3,(0) < B < 8,,(0) whereas it has
a normal effect on both variables if B takes a normal value in the sense that

Bo(0) < B < B,(0).

We now turn attention to the relative magnitude of these normal and per-
verse effects. Differentiating ES(0) = 2¢%,(0)q%(0) with respect to 6 and
arranging the terms present

AE0) _ 05 0610) o, o)
df 0 o T

where eg and 5(? denote the elasticities of technology and output with respect

to ambient charge rate defined as

65; = %% and e¢ = i@
¢S, do T ¢S do

Since 6 can have a perverse effect, as discussed, the sign of dE;(0)/df depends
on the relative magnitudes between sg and ch in absolute values. In case
(#4) of (21) or in the non-striped yellow region of Figure 2(A), both elasticities
are negative, implying that dES;(0)/df < 0. On the other hand, the sign of
dE$,(0)/df in case (i) or in case (iii) seems to be ambiguous because the two
elasticities are of opposite signs. However, Theorem 3 has already confirmed
dE;(0)/df < 0 in both regions: in case (i), the negative elasticity of the optimal
output dominates the positive elasticity of the technology; in case (iii), the
negative elasticity of the optimal technology dominates the positive elasticity
of the optimal output. Hence, in both cases, the normal effect dominates the
perverse effect. This is summarized as a Corollary of Theorem 3.

Corollary 2 Although a change in the ambient tax rate possibly induces the
opposite-signed normal and perverse effects, depending on the value of 3, the
normal effect always dominates the perverse effect,

gg +5qc <0 for 3,,(0) < B < Bo(0) or for 3,(0) < B < B (0).

Summarizing the results obtained in case Hos, we see that the substitution
parameter v has the enlargement effect and the ambient tax rate 6 can control
the NPS pollution. It is not difficult to verify the same results obtained in
Theorem 3 and Corollaries 1 and 3 in case Hoj, for the more simplified case
where n =2 and v = 1.

11



3.2 Oligopoly without Product Differentiation

In this section, we will confine ourselves to the general n-oligopoly case, Hos, in
which we get rid of Assumption 3 and impose, only for analytical simplicity, the
assumption that the goods are not differentiated.

Assumption 4. n > 2 and v = 1.

The homogenous assumption (i.e., 3, = ) and no product differentiation
(i.e., v = 1) simplify (7) and (9),

c __20-0)
qrr; = 2(n I 1) _ (22)
1 = 72(71 1) - P2 (23)
and 1— ¢C _ 0 (6 - 0) (24)
ML 9n 4+ 1) — 02

where the subscript 7] means case Hos. From (14) and Assumption 4, 0 <
6% < 1and 0 < ¢f; <1 hold if

o<p< 2l (25)

We now consider the effects of changing 6 on these optimal values. Differ-
entiating qb?] ; and ¢%;; with respect to 6 yields the following:

06711 2(n+1)+6°

= 97 —

= Ty 1) g O )
and e 10

qrrr _ _B8.(0

% = ey e e
where 40(n +1) 2(n+ 1) + 6*

n+ n+1)+
Bo(0,n) = m and 3,(0,n) = 99

In Figure 3(A), the yellow region is surrounded by the two black curves ob-
tained in (25), the positive-sloping 5 = 6 curve and the negative-sloping 3 =
2(n+1) /0 curve. The loci of 3 = 3,(6,n) and 8 = 3,(0,n) are the green and
red curves. So we have

99711 >
00 <

0 according to (3 § Bo(6,m)

and .
111 >
00 <

0 according to 3 % B1(0,n).

12



In the upper shaded yellow region of Figure 3(A) between the negative-sloping
black and red curves, the optimal production has a perverse effect,

3¢?H 3‘1?11
< 0 and
20 e o0
On the other hand, in the lower shaded yellow region between the positive-
sloping black and green curves, the optimal abatement technology has a perverse
effect,

> 0.

3625?11 85]16}1
W > 0 and 89

In the yellow region between the red and green curves, both have the normal
effect,

<0.

&/5?11 anCII
20 < 0 and 20 < 0.

Figure 3(B) depicts the effects of increasing the value of n from 3 to 4 on the op-
timal values, which shift the upper black, red and green curves upward. Hence,
the larger n enlarges the feasible yellow region. Figures 3(A) and (B) with n = 3
and v = 1 look quite similar to Figures 2(A) and (B) with n = 2 and v < 1. The
effects caused by changing the substitution term have the similar effect caused
by changing the number of firms. One quantitative difference is that 3, in case
Hos has the upper bound in v (i.e., 6/6) whereas 3,, in case Hoz has no upper
bound in n.

8 8
@4 @4
)y
% NGl % \z
0 0
(A)n=3and § =4/5 (Byn=3and n =4

Figure 3. Feasible region and effects caused by increasing n
The total amount of production pollution is the sum of individual pollution,
c
EICII(G) = ”¢IU(9)QICH(9)~
(22) and (23) reduce it to a simpler and manageable form

2(6—0)[2(n+1) — 50]
2(n+1) — 0]

ES;(0)=n ) (26)

13



Differentiating (26) with respect to 6 yields

dEICII(G) — 72715(”’ 0)52 — 2“(”7 9)6 + v(n, 0)
df [2(n+1) — 6%]

with
s(n,0) = 2(n+1) +36% > 0,

u(n,0) =0 [6(n+ 1) + 6% >0,
v(n,0) =2(n+1) [2(n + 1) + 36°] > 0.
(27)

The denominator of (27) is positive under Assumption 1. The numerator is a
quadratic polynomial in 3, having the positive constant term, v(n,6) > 0. Its
discriminant is negative,

D
=== 2(n+1) 6% <0
As a result, the numerator is positive for any 5 > 0. Therefore, we arrive at the

following:

Theorem 5 In a homogeneous oligopoly market without production differenti-
ation, the ambient charge tax rate is effective in controlling the concentration of
the NPS pollution,

dEf;, (0)

20 <0.

Applying the procedure developed in case Hos for case Ho4, we can probably
see that (i) the substitution parameter v has an enlargement effect on the feasible
region, and the ambient charge has pollution controllability. The homogeneity
assumption contributes to simplifying the analysis.

4 Heterogeneous Firms

In this section, we consider the ambient charge on the optimal behavior and the
total pollution when the firms are heterogeneous. To this end, we replace the
homogeneous assumption (i.e., Assumption 2) with the heterogeneous assump-
tion,

Assumption 5 3; # 3, for j =1,2,...,n and i # j.

We then study how the ambient charge affects the heterogeneous firms in
the four exclusive cases, depending on the selected parameter values:

n=2 n>3
vy=1 He Hes
<1 Hes Hey

where the heterogeneous firms form

14



1) duopoly without product differentiation in case Heq;

(

(2) duopoly with product differentiation in case Hes;

(3) oligopoly without product differentiation in case Hes;
(

)
)
)
4) oligopoly with product differentiation in case Hey.

Accordingly, this section is divided into two subsections. We consider case

Hes in the first subsection and case Hes in the second. Cases He; and Hey are
briefly mentioned at the end of these subsections.

4.1 Dwuopoly Firms without Product Differentiation

We start with the simpler case of He; in which we impose the following:
Assumption 6. n =2and y=1
From (7) and (9), the optimal decisions are

2[(4— 0%, —28,] —20(2 — 6%
(2—06°) (6—06°) ’

4 (0) = (28)
1oy 0128, — (4—0)8,] +6(2 - 6)
¢; (0) = 2 2
(2-6%) (6 —6°)
Equations (10) and (11) with Assumption 6 determine the boundaries of the
feasible region of each firm. For firm ¢, the locus of qbf (0) = 0 is described by

(29)

4—6? 3(2 —6?)
5 YT

ﬂj = fo(ﬂi)
and the locus of ¢!(0) = 1 by

2 g2
8= ney =500 - 220

In the same way, we obtain the boundaries for firm j, 8, = fo(ﬁj) and 3, =
f1(B;). For graphical convenience, solving these equations for 3, to have the
boundaries for firm j in terms of 3,,

B _ 2 6(2 — 6%)

ﬁj—QO(ﬂi)— 47025,'4-0(4702)

and o 92)
2 2 —

ﬂjzgl(ﬁi)54_025i+ i_2

As in Figure 1, the lines of 8; = gx(8;)for k = 0,1 construct the upper and
lower sides of the diamond-shaped yellow region while the lines of 8; = fi(3;) for
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k = 0,1 the left and right sides. The feasible conditions, 0 < ¢!(f) < 1 and
0 < ¢ (6) < 0/2 hold in the yellow region.

B'M
-1Bu

B

B4
Bm BM
Bi
Figure 4. The feasible region with § = 4/5

The total amount of NPS pollution is the sum of individual pollutions,
E{(0) = E/(0) + EI(0) where E[(0) = ¢;.(0)qi(0) for k = i, j.
Differentiating it with respect to 8 yields

dES(0) Fr (8;,8;,9)
@ e o) .

where the numerator is written as
Fr (ﬁiaﬁjae) = A(0) (ﬁ? + 5?) + B(0) (ﬁi + ﬁj) +C(0) ﬁiﬁj + K (0) (31)

with
A(0) = 240 + 1926% — 14460* + 320° — 36°,

B(0)=-20(2-06°)" (18 +06%) <0,
C(0) = —8 (48 + 600> — 360" + 50°) ,
K (6) =36 (246%) (2—6%)° > 0.
For 6 € (0,/2), we analytically verify that the denominator of (30) is positive,
B(0) < 0 and K (0) > 0 and numerically check that A (6) > 0 and C (0) < 0.
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We eliminate 6 in Fj (/Bm @-,9) for the notational simplicity. Notice that
Fy (/BZ-, ﬁj) can be rewritten as a quadratic polynomial in 3;,

Fr (ﬁmﬁj) = A;3] + BiB; + Gr(8;) (32)

where

Ai=A(0), Bi=B(0)+C(09)3;

and

Gr(B;) = A(0) 85 +B(0) 8, + K (6). (33)

Notice that G;(8;) is also a quadratic polynomial in 3;. In the following, we
will first focus on G'1(3;) and check its discriminant to find whether G1(5;) <0
for all ; > 0. Then, we turn attention to the discriminant of Fy (ﬁi,ﬂj) in
B; and validate that this discriminant is also negative for all 5, > 0 to show
Fr (ﬂi,ﬁj) > (for any nonnegative 3; and ;.

Our first result is the following:

Lemma 1 G(8;) >0 for all 3; > 0.
Proof. The discriminant of G;(83;) from (33) is
Dg =B(0)®—4A(0) K ()
— 6% (2 6°)° (11232 + 14467 — 44006* + 10566°) .

The third factor in the last line is positive for 8 € (0, v/2); we then have Dg < 0.
With A (0) > 0, G1(B;) is convex and G1(0) = K (0) > 0. Hence, G1(8;) > 0
forall 3; >0. m

With Lemma 1, we have G1(8;) > 0 and A; > 0. Then, F} (,BZ-, 5j) is convex
in 8; and Fr (O,ﬂj) = G1(B;) > 0. The discriminant of Fy (ﬂi,ﬂj) with respect
to 3, is quadratic in j3;,

Dr =B} —4A;G1(8)
= (C? —442) B + 2B (C — 24) B; + (B? — 4AK) .

where 6 in A(0), B (0),C (0) and K () is eliminated for notational simplicity.
Let us denote the quadratic form in the last line by g (,6’]) For 8; =0, it takes
a negative value,

g(0)=B? —4AK = Dg < 0,

and the coefficient of ﬁ? is clearly negative for 6 € (0,v/2),
02— 442 =12 (2-6°)" (6 - 6%)° (2+6%) (2 +36%) < 0.

Hence, g (ﬂj) is concave in §; with g (0) < 0. We then have the following:
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Lemma 2 g (ﬁj) <0 forall B; > 0.
Proof. The discriminant of g (ﬁj) is negative as

D,/4 =[B(C—24)]> — (C? - 44) (B? — 4AD),
— 1284 (2—6%)° (6 — 6%)" (2+ 36%) < 0.

where the direction of the inequality is due to that all factors are positive for
6 € (0,v/2). This completes the proof. m

Lemma 1 indicates that Ff (62-, Bj) is convex in [, and Fr (0, ﬂj) =G1(B;) <
0. Lemma 2 implies that Dp = g (3;) < 0 leading to F (8;,3;) > Ofor any
B; > 0 and B; > 0. Therefore, these lemmas imply the following:

Theorem 6 In a heterogenous duopoly market with no production differenti-
ation, the ambient charge is effective in controlling the total of NPS pollution
when the duopoly firms are heterogenous,

dE$(0)
do

<0 for 6 e (0,V2).

4.2 Duopoly Firms with Product Differentiation

In this section, we move one step forward by replacing v = 1 with v < 1 and
see how product differentiation affects the firms’ behavior in case Hes under
Assumption 3 (i.e., n =2 and v < 1).4

From (7) and (9), the optimal decisions are

2[(4—0%)8;, — 298;] —20(4 — 6° — 27)
(4— 60" +27) (4— 0> —27)

' (0) = ; (34)

’ (4—0%+27) (4— 0% —27) '
Equations (10) and (11) with Assumption 3 determine the boundaries of the
feasible region of each firm. For firm ¢, the locus of d){ 1(9) = 0 is described by

4 —6* (2+7)(4—6%—27)

B; = fo(B;) = B Bi — ~0

and the locus of ¢.7(0) =1 is by

4—6? 0(4 — 6% — 2v)

2 Bi— 2 :

4Matsumoto and Szidrovszky (2024) have already considered this case. We summarize
their procedure and results here.

B; = f1(8;) =
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In the same way, we obtain the boundaries for firm j, 3, = fo(3;) and 3; =
f1(B j), both of which are solved for 3, to have the alternative forms of firm j’s
boundaries in terms of 3;,

B _ 2 224 7)(4 — 6% — 29)
By =90(B)) = —hi+ 64—
and
6(4 — 6% — 2v)

2
ﬂj:91(51)54_925i+ 4_ 02

As in Figure 1, Figure 5(A) constructs the diamond-shaped yellow feasible
region in which the upper and lower sides are described by 3, = g (6;) for k =
0,1 and the left and right sides by 3; = fi.(3;) for k = 0, 1. In Figure 5(B), the
dotted diamond-shaped region with v = 1 overlays on the solid diamond-shaped
region with v = 3/5. Comparing these two regions, we find that decreasing
transforms the longer and narrower diamond shape to the shorter and wider
one. It seems that the solid diamond is larger than the dotted area. However,
it is not clear which is larger or whether increasing homogeneity of the good
produces a larger feasible region.

B'M
By

B;
B

ol ot
B B
Bi Bi
(A)y=3/5 (B)y=1and y=3/5

Figure 5. Feasible regions with § = 4/5 and various

We now consider the ambient charge effect when the firms are heterogenous,
B; # B;. The total amount of NPS pollution is the sum of individual pollutions,

E{(0) = E[1(0) + E]'(0) where E[(0) = ¢i" (0)a.’ (0) for k =1,j.
Differentiating it with respect to 6 yields

df __(4+27—92)3(4—27—92)3 (%)
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where the denominator is positive, the numerator Fyy (531, ﬁj) has the form,

Frr(Bi, 8;) = A(%,0) (8 + 57) + B (7,0) (8; + 8;) +C (7.0) B;8; + K (769))
37
with
A(7,0) =16 (4 — %) (4 +7%) + 48407 (4 — %) — 0" (96 — 320° + 30"),

B(7,0) = —20 (4 — 2y — 0°)" (12 + 67 + 0%) ,
C(7,0) = —8y{47* (30> —4) + (4 - 0°)*(4 + 50°)},
K(7,0) =4(2+7) (44 2y +30%) (4 — 2y — 6°)°.
Since the domains of the variables are

0<~y<land0<0< V2,

B(v,0) > 0 and K (7,0) < 0 are analytically verified, and it is possible to
numerically confirm that A(v,0) < 0 and C (v,6) > 0, although they have
rather complicated forms.

Frr (B;,8;) = AB; + (B + CB;) B; + Gr1(B;) (38)
where
Gri(8;) = AB; + BB, + K.

Notice that the variables v and 6 are omitted only for notational simplicity.
Comparing (31) and (32) with (37) and (38), we find that the forms of F (8;, 3;)
and Fyy (Bi,ﬁj) are qualitatively the same. We also see that G(3;,;) and
Gr11(8;, B;) are also quadratic polynomials in 3;. Taking the two-step procedure
similar to the one used in Section 4.1, we will demonstrate that Fry (6i, 6j) is
negative for any 8; > 0 and (3; > 0 in three steps (i.e., Lemma 3; Lemma 4 and
Theorem 7).

Lemma 3 Gp;(8;) <0 for any 3; > 0.
Proof. G1(B;) is quadratic in 3; and its discriminant is
Dg=—(4+2y—0%) (4 -2y - 6%) h(7,9)
where
h(7,0) =16 (2 — ) (4 +7%) + 0% [12 (4 + 8y —7?) + 07 (48 — 12y — 07)] .

Under Assumptions 1 and 3, h(vy,0) > 0 is confirmed, which then implies
Dg < 0. With A < 0 and K < 0, Gr1(8,) is concave in (3; and has a neg-
ative discriminant with G7(0) = K < 0. Hence, G;(3;) < 0 for all §; > 0.
This completes the proof. m
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Retuning to equation (38), we see that Fy (83;, ﬁj) is concave in 3, as A <0
and Frr (O,Bj) = G[[(ﬂj) < 0. Its discriminant for (3, is

Dr=4(4+2y 6" (4 -2y - 6%’ ¢(5;) (39)

where
9(8;) = ag(7,0)85 + 2b4(,0)8; + ¢4 (7, 0) (40)
with 5
ag(v,0) = — (44 2y +36%)" (4 — 27+ 30°) <0,

by(7,0) = 0(4 — 2y — 6°) (12 + 67y + 6°) > 0,
60(779) = _h(’)/ae) <0.
We then have the following:
Lemma 4 ¢ (ﬁj) <0 for any B; > 0.
Proof. g(3;) is quadratic in 3; and its discriminant is
D, =8(4—2y+30>) A<0.

Since g(3;) is concave in 3; and g(0) < 0, we have g (ﬂ]) < 0 for any 3; > 0.
This completes the proof. m

Lemma 4 implies that Dp < Ofor any 3; > 0. Hence, from Lemmas 3 and

4, Frr (ﬁi,ﬁj) is negative for any 8, > 0 and ﬁj > 0. Therefore, we arrive at
the following result:

Theorem 7 In a heterogenous duopoly market with product differentiation, the
ambient charge is effective in controlling the total amount of NPS pollution,

dEY;(6)

T<0fm=ae[o,x/§].

4.3 Semi-Identical Firms

Although the ambient charge issue becomes too complex in a general setting of
n > 3, we examine the special case of He, when the firms are semi-identical
heterogeneous in the following sense,

Assumption 7. 3, # 3, and §; = B for j #4, j=1,2,..i — 1Li+1,..,n.
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Quantities
productions, ¢q

and (9) with the specified value of n determine the optimal

(7)
€(0) and the optimal abatement technology, ¢% (6) for k =i, 7,

2[(4— 0> +2(n—2)y)8;, — 2(n — 1)y8,] —20(4 — 6° — 27)
(4—0%+2(n—1)y) (4 — 6> —27)

3

' (0) =

C02(n =18, — (4= 0" +2(n—2)7)8;] +2(2+ (n—1)y) (4 — 6% —27)
(4-0>+2(n— 1)) (4— 0> —27)

)

L0 = 2[(4—0%)8; — 2783;] —20(4 - 6° — 27)’
J (4—0%+2(n—1)y) (4 — 60> —27)
0 [Q’Yﬁi - (4 - 92)53‘} +2 (2 + (n — 1)7) (2 — 0 - 2’7)
(4—60°+2(n—1)y) (4— 0% —29)
To determine the feasible region, we solve ¢ (#) = 0 and ¢ () = 1 for B; to
obtain

¢S (0) =

442n—2)y—6° (24 (n—1)y) (4 —6%—27)

e (-2 6, 04— 0° 29
4+ 2(n—2)y— 4—-60" -2y
M) ===y " ey

By the same token, we solve gb (#) =0 and ¢ (0) =1 for 3; to obtain

(24 (n—1)y) (4= 6%~ 29)
0(4—06%)

2

and )
0(4 — 6 —2)
gl(ﬂz) 4_ 925 4_ 02 .

Figure 6(A) illustrates the feasible region with § = 4/5, v = 3/5 and n = 3.
Figure 6(B) overlays three feasible regions with n = 3 (the black diamond
shape), n = 4 (the red diamond shape) and n = 5 (the blue diamond shape).
Each region has the common value of 3,, and becomes longer and narrower as
n increases.

22



Bu 12
i ﬁM
@ & 6
- .
Bm 00 6 12
Bi Bi
(Ayn=3 (B) n=3,4,5

Figure 6. Feasible regions with § = 4/5, v = 3/5 and various values of n

The total amount of NPS pollution is the sum of individual pollutions:

E“(0) = E{(0) + (n — 1)E{ (0) where E{ () = ¢}, (0)af (6) for k =, j
Differentiating EC(G) with respect to 6 yields

dEC(@) _ QF(ﬁi,ﬂj/‘hH?n) (41)
do (4-2y-6°)" (4+2(n-1)7-6%)°

where
F(By, B;,7,0,n) = AiB7 + A; 87 + BiB, + B;B; + Ci; 8.8, + K. (42)

The full forms of the coefficients of 3; and 3, and the constant term K in (42)
are provided in Appendix as these are too long to present here. Although it
is possible to follow the procedure used in the previous sections to show the
controllability of the ambient charge, we numerically examine the degree of the
controllability in this section. We specify the parameter values as

0 =4/5and v = 3/5.
For n = 3, the derivative in (41) is

dEC(0) 125 (aif} +a;587 +biB; + 0;8; + ciy 8,8, + k)

do 7558272
with

a; = 39515, a; = 44780, b; = —20088, b; = —40176, c;; = —98500, k = 101088
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When n increases to 10, the corresponding derivative is

dEC(0) _ 125 (aiff? + ;58 +biB; +b;8; + cijBif3; + k)

de 898327746

with

a; = 39515, a; = 44780, b; = —20088, b; = —40176, c;; = —98500, k = 101088

e |

(A)yn= 3

Figure 7. The dE(0)/df surface over the feasible region

Theorem 8 Given Assumptions 1 and 2, the ambient charge is effective in
controlling the total amount of NPS pollution when the firms are semi-identical
heterogenous:

dE°
g <0

5 Concluding Remarks

This paper investigates whether the ambient charge can control the total NPS
pollution in various circumstances, duopoly or oligopoly with or without product
differentiation, when the firms are homogeneous or heterogeneous. To this end,
we adopt the game-theoretic approach in which the firms are profit maximizers,
taking their competitor’s behavior as given. First, the Nash equilibrium is
determined, and then a comparative study is performed to validate how a change
in the environmental tax rate affects the optimal choices of output, abatement
technology, and the total concentration of NPS pollution. It is analytically
or numerically demonstrated that the ambient charge effectively controls NPS
pollution.

The research reported in this paper can be continued and extended in sev-
eral directions. Since the regulator’s behavior (i.e., environmental tax rate)
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was given, we should define a social welfare function involving uncertainty and
determine the optimal tax rate to maximize this welfare function. Oligopolies
with n-firms can be modeled as an (n + 1)-player game when the firms and the
regulator are the players. Its equilibrium analysis might offer some interesting
results. We can also introduce the dynamic extensions of these models with and
without time delays. Further, linear price and cost functions are convenient but
confine our attention only to a limited area. Replacing them with nonlinear
ones will be an appealing extension.
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Appendix

Notice first that all calculations in this Appendix are done with Mathemat-
ica, version 13. Notice second that all functions defined below depend only on
v, @ and n. Assumptions 1 and 2 restrict the domains of v and 6 to

0<vy<land0<6 <2

and integer n is greater than or equal to 2. Hence, it is possible to analytically
or numerically verify whether these parameter values are positive or negative,
even though they have complicated forms.

The full forms of the coefficients of equations (41) and (42) are

Ai = —398 + ai696 + (Li494 + ai292 + a;p

with

(n—
aig = —{120(n — 2)y + 12 [2(n — 2)2 +n*]v* + 96},
ap =24y [4(n —2) +4((n —1)> + 1)y + (n = 2)(n* — (n — 1))¥°]
aio = 16(2—7)(2+ (n — 1)) [4(L + (n — 2)7) + (n® — 3(n — 1))7°]

and
Aj = (n — 1) [—398 + aj696 + aj494 + aj292 + ajo]
with
a6 =32+ 2(n —2)y,
ajs = 24(n —2)y — 48(n — 1)y* — 96,
ajo=-162=7)2+ (- 1))+ [4+(n— 72]
and
By = —20(4 — 2y — 0*)3 [12+ 6(n — 1)y + 6°] ,
Bj=—20(n—1)(4—2y— 0% [12+6(n — 1)y +6°],
and
Cij = 8(n — 1)y (—560° + ca0" + c20* + o),
with
cs =9[4+ (n—2)],
e = — [24(n — 2)y — 12(n — 1)7* + 6n°9?]
co = —4(2 = 7)(2+ (n = 1)7) (4+ (n — 2)7)
and

K=2n2+(n—1)7)(4—2y— 6% [4+2(n - 1)y + 36°].
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